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On Basis-transitive Geometric Lattices 
HUlLING LI 
We determine all finite geometric lattices r of dimension 2 or 3 such that Aut r is transitive 
on unordered bases. 
1. INTRODUCTION 
In [4] Kantor proved that, if a geometric lattice r has a group G of automorphisms 
which is transitive on ordered bases, then, with a few exceptions, r is a truncation of a 
Boolean lattice or of an affine or projective geometry. It is natural to ask what happens 
if we only suppose that G is transitive on unordered bases. In this paper we discuss this 
problem in dimensions 2 and 3. Our main results are Theorem 2 in Section 2, Theorem 
4 in Section 4 and Theorem 5 in Section 5. 
In the first three sections we determine all such lattices under an additional 
assumption that the group G of automorphisms is transitive on points. We will do this 
in two steps: first we show that transitivity on unordered bases, in combination with 
transitivity on points, implies 2-homogeneous transitivity on points; and then we 
determine the possible geometric lattices. The discussion is simple in the case of 
dimension 2 and is given in Section 2. The case of dimension 3 is more complicated 
(Sections 3 and 4). In Section 5 we will prove that a basis-transitive geometric lattice is 
a union of lower-dimensional sublattices satisfying the point-and-basis transitivity. 
In the following let r be a geometric lattice and let G be a group of automorphisms 
of r. The set of points of r is denoted by Q. If X ~ Q is a subset of Q, then G{X} and 
Gxdenote the set stabilizer and pointwise stabilizer of X in G, respectively. We often 
consider the orbits of G on subsets of Q. Let Q{k} denote the set of all unordered 
subsets of k points of Q and let Q(k) denote the set of all ordered subsets of k points of 
Q. One-dimensional sublattices of r will be called lines and 2-dimensional sublattices 
planes. If x, yare different points of r, then x v y is the line on x and y. If zix v y, 
then x v y v z is the plane containing x, y and z. We will identify the lines, the planes 
and sometimes r itself with their sets of points. 
All geometric lattices and groups considered in this paper are finite. Note that in this 
paper the dimension of a geometric lattice is one less than the rank of it. 
2. DIMENSION 2 
We begin with an example. 
EXAMPLE 1. r is the disjoint union of two lines L l , L2 of size k, all other lines 
having size 2. Let A be the wreath product of a 2-homogeneous group of degree k with 
the group of order 2 and let A act on Q such that L l , L2 are blocks of imprimitivity. 
Then A is.a group of automorphisms of r. It is easy to check that A is transitive on 
bases. 
Obviously, A is not 2-homogeneous on Q. But we have the following theorem. 
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THEOREM 1. Let r be a geometric lattice of dimension 2 and let G be a group of 
automorphisms of r. Suppose G is transitive on the points of r and on the bases of r. 
Then either G is 2-homogeneous on the points of r, or r is a geometric lattice given by 
Example 1. 
PROOF. Every basis of r consists of 3 points. We call it a triangle, and call the 
unordered pairs of points in it edges. Then for every orbit $ of G on g{2}, there is at 
least one edge in a given basis belonging to $. 
Suppose G is not 2-homogeneous. Then G has at least two orbits on g{Z}. For a 
given basis {a, b, c} there is exactly one edge belonging to an orbit $1 of G on g{Z} 
and the two other edges belong to another orbit or orbits. Suppose in {a, b, c}, 
{a, b}E$l but {b, c}, {a, C}ft$l' 
Take an arbitrary point p of r. Because of transitivity on point, there is a point x 
such that {p, x} E $1' Points p and x determine a line p v x. Suppose y is a point and 
{p, y} E $1: then y is on p v x; otherwise p, x and y would form a basis in which two 
edges belong to $1' Therefore the line p v x is uniquely determined by p, and so we 
denote it by A(p), 
Let {p, x} E $1 and y eA(p), Then {p, x, y} is a basis. Suppose that t E A(p) but 
{p, t}e$l' Then {p, y, t} is a basis also, in which {p, y}, {p, t}e$l' Then {y, 
t} E $1 and A(t) =1= A(p), Because of transitivity there is a point z in A(t) such that 
{t, z} e$l' {p, t, z} is a basis and then {p, z} E $1' So Z E A(p), which is impossible. 
Therefore for any point tin A(p), {p, t} E $1 and, consequently, if qeA(p) A(p) n 
A(q) =0. 
r is of dimension 2. So there is a point q such that A(p) n A(q) = 0. If 
A(p) U A(q) =1= r, then there is a point reA(p) U A(q). Since p v q contains at most one 
point in A(r), we may assume that rep v q. Then {p, q, r} is a basis but {p, r}, 
{p, q}, {p, r} ft $1' This contradiction implies that A(p) U A(q) = r. Write L1 = A(p) 
and L z = A(q). G is transitive on points, so IL11 = ILzl = k for some k, and G is 
transitive on {Lu L z}. If {a, b, .c} is a basis, then two points in it belong to a line L; 
and the other point belongs to L j (j =1= i). Also, every triple of points of this type is a 
basis. Therefore, if t E Lz, then Gt is 2-homogeneous on L 1• So we obtain the 
geometric lattice described in Example 1. 
Now we can prove one of our main theorems. 
THEOREM 2. Let r be a geometric lattice of dimension 2 and let G be a group of 
automorphisms of r. If G is transitive on points and on bases of r, then one of the 
following holds: 
(i) r is a truncation of a Boolean lattice or of a projective or affine Desarguesian 
geometry; 
(ii) r is the Hermitian unital on 65 points; or 
(iii) r is as in Example 1. 
PROOF. Let r be a geometric lattice of dimension 2 and let G be a group of 
automorphisms of r transitive on points and on bases of r. Suppose that r is not as 
in (iii). By Theorem 1, Gis 2-homogeneous and then all lines of r have the same size 
k. On the other hand, by Kantor [3] we know that either G :;;;ArL(l, q) with 
q == 3(mod 4) or Gis 2-transitive. 
If k = 2, then every two points constitute a line and every three points form a basis, 
so r is a truncation of a Boolean lattice. 
If k ~ 3, then the points and lines form a 2-design with A = 1. 
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Suppose G".;ArL(1,q) with q=pQ==.3 (mod 4); then p==.3(mod4) and 
a==. 1(mod 2). It is clear that there are tq(q - 1)(q - k) bases. But G is transitive on 
bases. So IGI;3 tq(q - 1)(q - k). But IGI".; !q(q - 1)a and q;3 k2 - k + 1: we know 
that !q".; q - k, so q = pQ ".; 6a. Thus p ".; 5. There is no solution to this unequality 
satisfying p ==. 3(mod 4), a==. 1(mod 2) and pQ > 3. 
So Gis 2-transitive. By Kantor [4] there are only the following possibilities for r: 
(a) PG(d, q); 
(b) AG(d, q); 
(c) the design with v = q3 + 1 and k = q + 1 associated with PSU(3, q) or 2G~(q); 
(d) one of two non-Desarguesian affine planes on 34 or 36 points; or 
(e) one of two designs having v = 36 and k = 32• 
If (c) occurs and G;3 G~(q), then IGI is a factor of q3(q3 + 1)(q -1)(2e + 1), where 
q = 32e+l. But in this case there are t q3(q3 + 1)(q3 - q) bases. Then we have 
t(q3 - q)".; (q - 1)(2e + 1). Since q = 32e+1, this is impossible. 
If (c) occurs and G;3 PSU(3, q), where q = pQ;3 2, then IGI is a factor of 
q3(q3+1)(q2_1)(2a). Also, the number of bases in r is t q3(q3+1)(q3_ q ). So 
t q3(q3 + 1)(q3 - q) I q3(q3 + 1)(q2 - 1)2a, if G is basis-transitive on r. Hence we have 
q = pQ I 12a. Then we have p = 3, a = 1 or p = 2 and a = 1, 2, 4. The design for 
PSU(3, 2) is just AG(3, 2). Now we claim that only PSU(3, 4) is basis-transitive on the 
lattice r associated with it, if (p, a) =#= (2, 1). 
Suppose G;3 PSU(3, 4). Let A. be a line of r. Take p, q E A. and p =#= q; then 
PSU(3, 4)p,q is transitive on Q - A.. Thus G is transitive on bases of r. We know that in 
this case r is the Hermitian unital having 65 points. 
Let G ;3 PSU(3, 3); then IGI = 28 . 27 . 8 ·2i, i = 0, 1. There are t28 . 27 . 24 bases in 
r. So if G is transitive on bases, the stabilizer in G of any basis of r is of order 2 or 4. 
On the other hand, the Sylow 3-subgroups of G are isomorphic to the non-Abelian 
group of order 27 in which all non-identity elements are of order 3. If a E Q, there is a 
Sylow 3-subgroup P regular on Q - {a}. Let Lll> Ll2 , ••• , Ll9 be the orbits of the 
center Z of P. Then {a} U Lli' i = 1, 2, ... , 9, are just all lines of r through the point 
a. Take an element g in P\Z and an orbit {p, q, r} of g. Then {p, q, r} =#= Lli' since P 
is regular. If p, q, r were on the same line, which is of size 4, then the other point in 
the line would be fixed by g and thus {p, q, r, a} would be a line. This is impossible, so 
{p, q, r} is a basis, which is fixed by g, an element of order 3. Hence G is not 
transitive on bases of r. 
Let G;3 PSU(3, 16). IGI I 163(163 + 1)(162 - 1)23 and there are t163(163 + 1)(163 -
16) bases in r. So if G is transitive on bases then G = prU(3, 16), and the stabilizer in 
G of any basis is of order 3. Let a E Q and let P be a Sylow 2-subgroup of G. Then 
there exists an involution g in P fixing at least two points, a and b. The lines of r have 
size 17. So there are two different points p, q, such that {p, q} is fixed by g and neither 
p norq is on the line a v b. Thus at least one of the triples {p, q, a} and {p, q, b} is a 
basis of r, which is fixed by g. We have a contradiction. 
This completes the discussion of case (c). 
Suppose (d) occurs and r has 34 points. Then r is the exceptional near-field plane on 
34 points and its automorphism group is of order 34 . 3840 (see [2]). In r every line has 
size 9, so there are t81 ·80·72 = 34 . 960 bases. Thus if the group G is transitive on 
bases, then the order of G is either 34 . 960 or 34 . 1920 or 34 . 3840, and the stabilizer in 
G of any basis is of order 1, 2 or 4. Now we consider Go, the stabilizer of point 0 in G. 
Go acts imprimitively on the 10 lines through point o. Let the blocks of imprimitivity be 
Lll = {Lv L2}, Ll2 = {L3' L4 }, ••• , Lls = {L9' L lO}, and let K be the subgroup of G 
fixing each of these blocks: then Gol K = As or S5. Thus there is an element g of order 3 
in G such that g fixes Lll> Ll2 and permutes Ll3' Ll4 and Ll5 cyclically. It is easy to see 
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that g has two fixed points on each of L l , L z, L3 and L 4 , which means that g fixes a 
basis of r. Since the order of g is 3, we have a contradiction. 
If r is the affine plane having 36 points, we have 136(36 - 1)(36 - 33) bases and 
IGI = 36 • 14· 13 . 12. So G is not transitive on bases. 
Similarly, in case (e) G has order 36 .14.13 . 12 and v = 729 and k = 9. So G is also 
not transitive on bases in this case. 
Thus only (a), (b) and (c) with PSU(3, 4) can occur, and we know that in these cases 
we obtain geometric lattices satifying the condition of Theorem 2. D 
3. DIMENSION 3 
Before we can state Theorem 3 we need to give some more examples of geometric 
lattices. 
EXAMPLE 2. The points of r are those of the disjoint union of three lines L l , L z, L3 
of k points, all other lines having size 2. The planes of r are either unions of two lines 
of size k or consist of 3 points only. Thus r is a geometric lattice of dimension 3. Let A 
be the wreath product of a 2-homogeneous group of degree k with S3 and let A act on 
the points of r, such that Lv L z, L3 are blocks of imprimitivity of A. Then A is a 
group of automorphisms of r and A is transitive on bases of r. 
EXAMPLE 3. The points of r are those of two disjoint lines Lv L z of size k, all other 
lines having size 2. Every plane of r consists of L; and a point of L j , where {i, j} = 
{1, 2}. Let A be the wreath product of a 2-homogeneous group of degree k with the 
group of degree 2 and let A act on the points such that L l , Lz are blocks of 
imprimitivity of A. Then A is a group of automorphisms of r and it is transitive on 
bases of r. 
EXAMPLE 4. Let r be the 3-dimensional truncation of the Boolean lattice of 5 
points. If G is a group transitive on points of r, then G is transitive on bases. 
EXAMPLE 5. Let Q be the set of all non-zero vectors of a 3-dimensional vector space 
over GF(2), so IQI = 7. Define the following: (i) every two vectors in Q form a line; 
(ii) every three linearly dependent vectors form a plane, and the complement of every 
plane is also a plane. It is easy to check that this defines a geometric lattice r, and that 
G = SL(3, 2) is a group of automorphisms of r. Every basis contains three linearly 
dependent vectors and one other vector. Thus G is transitive on the bases of r. 
EXAMPLE 6. PGL(2, qe) acts on the points of the projective line over GF(qe), 
where q is a power of some prime p and e ~2. Use {oo} U GF(qe) to denote the 
point-set of the projective line. Let Ll = {oo} U GF(q). Define every two points of 
{oo} U GF(qe) to be a line and every Llg , g E PGL(2, qe), to be a plane: we then obtain a 
geometric lattice r. Suppose q = 4, and e = 2 (orq = 3 and e = 2). Let p, q, r be three 
different points on Ll; then the set-stabilizer in prL(2, 16) (or in PGL(2,9) 
respectively) of {p, q, r} is transitive on all points outside Ll. So prL(2, 16) (and 
PGL(2, 9), respectively) is transitive on bases of r. 
The above examples indicate that some geometric lattices of dimension 3 have a 
group of automorphisms which is transitive on unordered bases without being transitive 
on ordered bases, and even without being 2-transitive on points. But we have the 
following theorem. 
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THEOREM 3. Let r be a geometric lattice of dimension 3 and let G be a group of 
automorphisms of r. Suppose that G is transitive on the points of r and on the bases of 
r. Then either G is 2-homogeneous on points or r is given by Examples 2-4. 
PROOF. In the case of dimension 3, every basis consists of 4 points. For every orbit 
<I> of G on g{2} and a given basis {a, b, c, d}, there is an edge in {a, b, c, d} belonging 
to <1>. 
Suppose that G is not 2-homogeneous on points. Then G has at least two orbits 
on g{2}. 
Fix a basis {a, b, c, d}. We consider the following cases. 
Case 1. In {a, b, c, d} there is only one edge belonging to some orbit <1>1 of G 
on g{2}. 
For any point p of r, there is a point x such that {p, x} E <1>1. Write J..(p) = p v x. 
If y ft J..(p), then {y, p} ft <1>1; otherwise x, y, p would determine a plane and 
we could extend them to a basis in which there are two edges in <1>1. 
Suppose q ft J..(p). Take a point x E J..(p), such that {p, x} E <1>1. If J..(p) is not in 
J..(p) v q, there is a point y E J..(q) such that {q, y} E <1>1 and {p, q, x, y} is a basis in 
which {p, x}, {q, y} E <1>1. But this is impossible in Case 1. So for all q ft J..(p), J..(p) 
and J..( q) are coplanar. 
Suppose that for some point q ft J..(p ), J..(p) n J..( q) is a point t. Take a point 
z ft J..(p) v J..(q). Then J..(z) lies in both p v t v z and q v t v z. So J..(z) contains the 
point t. Hence for every point z outside p v q v t, J..(z) contains the point t and, 
consequently, this is true for every point of r. So t is the common point of J..(y) for all 
y E r. Then tis fixed by G. But this is impossible. Thus if q ft J..(p), J..(p) n J..(q) = 0. 
Obviously, we have at least three lines of the form J..(x) which are not in the same 
plane. Suppose that L1 = J..(p), L2 = J..(q) and L3 = J..(r) are three different lines, and 
r ftJ..(p) v J..(q). If we have another J..(s), then there is a point x in J..(s) but not in 
p yq v r. So {p, q, r, x} is a basis in which no edge belongs to <1>1. But this is 
impossible. So L1 U L2 U L3 = r. 
G is transitive on {Lv L2, L3}, so IL11 = IL21 = IL31 = k. It is easy to see that the 
geometric lattice is as in Example 2. Note that G is not necessarily the wreath product 
of some group of degree k with S3, but G is a subgroup of such a wreath product. 
Case 2. In {a, b, c, d}only {a, b}, {c, d}E<I>l. 
For every point p of r there is a line J..(p) such that if {p, x} E <1>1 then x E J..(p). 
Take a point x ft a v b v c. Then {a, b, c, x} is a basis, so {x, c} E <1>1 and x E J..(c). 
Hence r=(avbvc)UJ..(c). Similarly, r=(avcvd)UJ..(a) and r=(bvcvd)U 
J..(b). Therefore r= J..(a) v J..(c). 
By transitivity we have 1J..(a)1 = 1J..(c)l. Thus we obtain a geometric lattice given by 
Example 3. It is easy to see that G is a subgroup of the wreath product of some 
2-homogeneous group of degree k with the group of degree 2. 
Case 3. In {a, b, c, d} we have {b, c}, {b, d} E <1>1 but {a, b}, {a, c}, {a, d} ft <1>1. 
Let Jr = b v c v d. Fix a point z ft Jr. Because of transitivity on points of r, there are 
two points x and y such that x, y, z are not collinear and {x, z}, {y, z} E <1>1. If x, z, b, 
d are not coplanar then {b, d, x, z} is a basis, in which {x, z}, {b, d} E «I>v but this is 
impossible. So b, d, x, z lie in the same plane. Similarly, b, c, x, z lie in the same 
plane. Therefore {x, z} lies in b v z. Replacing {x, z} by {z, y} we see that {z, y} lies 
in the same line b v z. Therefore x, y, z are collinear, which is a contradiction. So in 
this case there is no geometric lattice satisfying the condition of the theorem. 
566 Huiling Li 
Case 4. None of the cases 1, 2, 3. 
Suppose we have a geometric lattice r not occurring in Case 1, 2, 3. Then in each 
basis {a, b, c, d}, for any orbit $j of G on g{2}, there are at least two edgesin $j. 
Suppose there are just two edges in $j. If they have a common point, then r occurred 
in Case 3. If they have no common point, then r occurred in Case 2. So for any $j, 
there are three edges belonging to it. In this case we have just two orbits of G on g{2}. 
If the three edges in an orbit $j have a common vertex, then we obtain Case 3 again. 
So, without loss of generality, we can assume that in {a, b, c, d} the pairs {a, b}, 
{a, c}, {b, d} are in $1 and {a, d}, {b, c}, {c, d} E$2' 
Because of transitivity of G on points, there is a point x not in a v d such that 
{a, x} E $2' Then a v x v d is a plane which we call .7r2(a) and a v b v c is a plane 
which we call .7rl(a). 
Then we have 
(*) If y is a point such that {a, y} E $1> then y E .7r1(a). 
If z is a point such that {a, z} E $2, then z E .7r2(a). 
Because there are only two orbits of G on g{2}, we have 
(* *) r = .7rl(a) U .7r2(a). 
Because of transitivity, for every point p we have corresponding planes .7r 1 (p) and 
.7r2(P) satisfying (*) and (* *). 
We want to show that every line of r has size 2. 
Suppose tEa v b is a point different from a and b. Since .7r2(C) = b v c v d, {c, t} 
belongs to $1' Using the basis {a, c, d, t} we have {d, t} E $1> and {a, t} E $2' Also, 
using the basis {b, c, d, t} we have {b, t} E $2' Thus in a v b, {a, t}, {b, t} E $2, while 
{a, b} E $1' Consequently, there is a point u on a v c such that {a, u} E $2' So {a, t}, 
{a, u} and {a, d} belong to $2 which is impossible. So a v b = {a, b}. Similarly, 
a v d = {a, d}. Hence every line in r has size 2. 
Consider .7r1(a). Suppose t E .7rl(a) is a point different from a, b, c. If {a, t} E $1, 
using {a, b, t} and {a, c, t} we see that {b, t} {c, t} E $2, but then in the triangle 
{b, c, t} all edges are in $2, and we have a contradiction. If {a, t} E $2, then 
t E .7r2(a) = a v d v x. At that time t *x means that in triangle {d, t, x} all edges are in 
$1> which is impossible. If t = x, then it is easy to see r = {a, b, c, d, t} and {a, b, c, t} 
is the only plane with four points, we have a contradiction again. Therefore, in .7rl(a) 
there are only three points a, b, c and three lines, a v b, a v c and b v c. 
Similarly, .7r2(a) consists of points a, d and x and in .7r2(a) there are only three lines, 
avd={a, d}, avx={a, x} anddvx={d, x}. 
Consequently, r consists of 5 points, a, b, c, d and x, and every two points form a 
line and every three points form a plane. 
Because G is not 2-homogeneous, IGI = 5 or 10. 
This completes the proof of Theorem 3. 0 
4. DIMENSION 3: 2-HOMOGENEITY 
In this section we will prove the following theorem. 
THEOREM 4. Let r be a geometric lattice of dimension 3 and let G be a group of 
automorphisms of r. Suppose that G is transitive on points and on unordered bases. 
Then one of the following holds: 
(i) r is a truncation of a Boolean lattice, a projective space PG(d, q) or an affine space 
AG(d, q), where d ~ 3; 
(ii) r is the lattice associated with S(3, 6, 22); 
(iii) r is one othe lattices given in Examples 2, 3, 5 or 6. 
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PROOF. Assume that r is not in Examples 2-4. 
By Theorem 3, G is 2-homogeneous on the points of r. Because of [3], either 
G :os;; ArL(I, q) or G is 2-transitive on the points of r. Also, all lines have equal size k. 
So we only need to consider the following three cases. 
Case 1. G :os;; ArL(I, q); Gis 2-homogeneous but not 2-transitive. 
In this case q = pO, where p == 3(mod 4) and a == l(mod 2). So the order of G is a 
factor of !q(q - l)a. 
Because r is of dimension 3, q > 3, and then q ~ 7. Suppose every line has k points 
and the greatest size of planes is I. Then there are at least i4q (q -1 )(q - k)( q - I) 
bases. But G is transitive on bases, so ~q(q - 1)(q - k)(q -/):os;; !q(q - l)a, namely 
(q - k)(q -/):os;; 12a. 
If k = 2, then 2(q - k) ~ q. If k > 2, then all points and all lines form a design, so 
that q ~ k 2 - k + 1, we obtain 2(q - k) ~ q again. Obviously; q -I ~ 1. Let q -I = 1. 
Suppose that :Iris a plane with size I, and points a E:Ir and blt:lr; then there is an 
element g E G such that aK = b and :irK is a plane different from :Ir. But 1:Ir n :lrKI ~ 
q - 2 > k. This is impossible. So q -I ~ 2, and then q:os;; (q - k)(q -/):os;; 12a, where 
q = pO. Since q == 3(mod 4), (a, p) = (1, 7), (1, 11) or (3, 3): namely, q = 7, 11 or 27. 
Let k ~ 3 and A. be a line. Then Gt1.} is 2-homogeneous but not 2-transitive. So either 
k = 2 or k == 3(mod 4) and k is a factor of IGI. 
Now suppose that q = 7. Then IGI = 21. Thus k = 2 or 3. If k = 2, then 
(7 - 2)(7 -I) :os;; 12a = 12, and so 1 ~ 5. But then every two planes of size I intersect in at 
least 3> k points, which is impossible. If k = 3, then every plane has at least 7 points, 
which is also impossible. 
Suppose that q = 11; then k = 2. As above we have I ~ 10, a contradiction. 
Suppose that q = 27. Then IGI = 34 .13 and then k:os;; 3. As above, we have 1 = 26, 
which is impossible. . 
So in this case there is no geometric lattice satisfying the condition of the theorem. 
Case 2. G is 2-transitive on points and k > 2. 
The points and lines of r form a design. By [4], we know that it is one of (a)-(e) in 
Section 2. 
Suppose (c) or (d) occurs. Let WI = v. Suppose that :Ir is a plane: then all points and 
all lines on it form a design. So l:lrl ~ k 2 - k + 1. In (d), v= k 2• If :lr8 is a plane 
conjugate to :Ir under group G, then 1:Ir n :lrsl ~ k 2 - 2k + 2> k. This is impossible. In 
(c), v = q3 + 1, and k ~ q + 1. Let :Ir be a plane and let x be a point outside :Ir. Then 
l:lrl ~ k2 - k + 1 = q2 + q + 1. On the other hand, every line on x meets :Ir in at most 
one point and different lines meet :Ir at different points: so l:lrl :os;; q2 (the number of lines 
on x). This is a contradiction. 
Suppose that (e) occurs. Then v = 729 and k = 9, so there are at least 
i4729(729 - 1)(729 - 9) = 729·728·30 bases; but IGI = 729·728·3 so there is no 
basis-transitive geometric lattice in this case. 
Now we consider case (a). In this case the points and lines of r are just the points 
and 1-subspaces of PG(d, q) and G, the given group of automorphisms of r, has 
PSL(d + 1, q) as its normal subgroup or is A7 acting on PG(3, 2). We have to show 
that the planes of r are just the 2-dimensional subspaces of PG(d, q). r is of 
dimension 3, so d ~ 3. Let p, q, r be three points which are not collinear in PG(d, q). 
Let :Ir be the plane in r generated by them and let W be the 2-dimensional subspace of 
PG(d, q) generated by them. Clearly, whenever two points x, y, x =1= y, lie in :Ir, the 
line x v y lies entirely in:lr. Thus :Iris a subspace of PG(d, q). In particular, W ~:Ir. On 
the other hand, G{p, q, r} is transitive on all points outside W. So, we have :Ir ~ W, and 
thus :Ir = W. Hence r is the 3-dimensional truncation of PG(d, q), and G is 
basis-transitive on it. 
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The most complicated case is (b), in which the points and lines of r are just the 
points and I-dimensional subspaces of affine geometry AG(d, q) and G has a normal 
subgroup N, which is an elementary Abelian group of order v = qd. Go, the stabilizer of 
one point 0, of G, has the following possibilities: (1) G ~ArL(1, v); (2) Go ~ SL(n, s), 
where s is a power of q and qd = sn; (3) Go ~ Sp(n, s), where s is a power of q and 
qd = sn, n;;' 4; (4) Go ~ G2(s), where s is a power of q even and qd = S6; (5) Go has a 
normal extraspecial subgroup E of order 25 and Gol E is isomorphic to a subgroup of 
S5, q = 3 and d = 4; (6) Go ~ SL(2, 3) or SL(2, 5), d = 2 and q is a prime; (7) 
Go ~ SL(2, 5), d = 2,q = 9; (8) Go ~ SL(2, 5), d = 4, q = 3, (9) Go = SL(2, 13), d = 6, 
q = 3. We have to show that every plane of r is a 2-dimensional subspace of AG(d, q). 
Just as in case (a), every plane of r is a subspace of AG(d, q). So d;;. 3 and, if d = 3 
or 4, then every plane of r is a 2-dimensional subspace of AG(d, q). Thus (6) and (7) 
indeed do not occur. Also in (5) and (8) 1 = 9, and in (9) 1 ~ 243. Comparing the 
number of bases in r and the order of G, we know that G is not transitive on the bases 
of r. 
If G ~ArL(I, v) and q = pc, then IGI is a factor of v(v -1)cd. But the number of 
bases in r is at least i4v(v -1)(v - q)(v -I), where 1 is the greatest size of planes in r. 
Thus the transitivity on bases implies that (v - q)( v -I) ~ 24cd. Since d ;;. 3, q;;. 3, so 
v -I;;. qd - qd-1 ;;. 18 and v - q = pcd - pC> !pcd. So we have 9p cd < 24cd. But this is 
impossible since d ;;. 3. 
Now suppose that Go 13 SL(n, s), n ;;. 2. We first show that the basis-transitivity of G 
implies q = s. Suppose q * s; then on the set of points of r, we can define another 
design which is a truncation of AG(n, s) so that every line of AG(d, q), as a set of 
points, is contained in a line of AG(n, s). Thus in every basis of r, there are three 
points which are collinear in AG(n, s) but not collinear in AG(d, q). But n;;. 2. There 
are three points x, y, z which are not collinear in AG(n, s), and so we can choose a 
point t such that {x, y, z, t} is a basis of r. Consequently, t is on one of the three lines 
of A G(n, s) generated by x, y, z. This means that the plane If = x V y V z contains all 
points outside these three lines. So we have Ilfl + 3(s - q);;. qd. Clearly, qd-1 ;;.Ilfl and 
if s = qf, then f > 1 and d = nf So qd - qd-1 ~ 3( qf - q) > qf+ 1. But this is impossible 
since n ;;. 2 and f > 1. Thus s = q. Let 0, x, y be three points which are not collinear, 
let If be the plane of r generated by them, and let W be the 2-dimensional subspace of 
AG(d, q) generated by them. As in case (a), we have W ~ If. Also, Go.x.y ;;' 
SLed, q)x,y is transitive on all lines ofAG(d, q) through 0 not in W. Hence we have 
If = W.) So the 3-dimensional geometric lattice r is a truncation of AG(d, q). It is 
easily seen that if d;;. 4 or d = 3 and G;;. GL(3, q), then G is transitive on bases. 
Now we suppose that Go 13 Sp(n, s), n;;' 4. As above we can show that s = q. Now 
we identify the set of points of AG(d, q) with the set of vectors of the Sped, q)-space 
V, so that the lines of AG(d, q) are the translates of I-dimensional subspaces of V. 
Take the zero vector 0 and x, y E V, such that (x, y) = 1, under the scalar product in 
V. Because Go,X,y ;;' Sp( d, q )x.y is transitive on all non-zero vectors orthogonal to both 
x and y, the plane 0 v x v Y is the hyperbolic subspace generated by x and y. On the 
other hand, {o, x, y} can be extended to a basis of r so that, in every basis of r, there 
is at least one triple which is an image of {o, x, y} under G. If n ~ 6, then there are three 
linearly independent vectors p, q, r, such that they generate an isotropic subspace. So 
{o, p, q, r} is not a basis, for none of the triples in it is an image of {o, x, y}. This 
means the plane 0 v p v q contains an vectors orthogonal to both p and q. It is easy to 
see that there are two vectors r1 and r2 such that (p, rj) = (q, rj) = 0, i = 1, 2, but (r1' 
r2) = 1. Since the plane 0 v p v q contains 0, r1 and r2, it is the hyperbolic subspace 
generated by rl r2 and so it does not contain p, a contradiction. If n = 4, the number of 
bases in r is -/4q4(q4 - 1)(q4 - q)(q4 - q2) and IGI is a factor of q8. (q4 -1)(q2 -1) . 2. 
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So since G is basis-transitive we have q3 - 1 I 48q, namely q3 - 1 I 48. This is 
impossible. 
Finally, the case Go ~ G2(s) can be ruled out in the same way. 
This completes the discussion of Case 2. 
Case 3. G is 2-transitive on points and k = 2. 
We first show that, with two exceptions, Gis 3-homogeneous on the points of r. 
Fix a basis {a, b, c, d}. Then every orbit of G on Q{3} contains at least one triple 
consisting of points in {a, b, c, d}. But there are four triples, so if G is not 
3-homogeneous, either G has an orbit on Q{3} which contains just one triple in 
{a, b, c, d} or G has exactly two orbits on Q{3} and each of them contains two triples 
in {a, b, c, d}. We will consider these possibilities in Lemmas 1 and 2. Note that if 
v ",,; 6, then G is 4-homogeneous on points; so every 4 points form a basis and therefore 
every 3 points form a plane. So we may suppose v> 6 in the following. 
LEMMA 1. If G has an orbit <1>1 on Q{3} such that <1>1 contains only one triple in 
{a, b, c, d}, then G '= PSL(2, 7) and r is the geometric lattice defined in Example 5. 
PROOF. Let {a, b, c} be in <1>1. If t is a point outside a v b v c, then {a, b, t} ft <1>1. 
So a v b v c is a plane uniquely determined by a, b. We call it Jl'1(a, b). Because of 
2-transitivity, for every two points p, q, there is a plane Jl'1(P, q) with the same 
property. Let s = I Jl'1 (p, q) I. Note that s is independent of the choice of p, q. 
Fix p, q. In addition to Jl'1(P, q) there are other planes Jl'2(P, q), Jl'3(P, 
q), ... , Jl'm(P, q) through p, q. We claim that for any i, 2",,; i",,; m, lJl'i(P, q)l",,; 4. This 
is almost obvious when m = 2. In fact, if m = 2, then Jl'1(P, q) U Jl'2(P, q) = r, and 
every plane Jl' different from Jl'i(P, q), i = 1, 2 is the union of Jl' n Jl'1(P, q) and 
Jl' n 1f2(P, q) and 1Jl' n Jl'i(P, q)l",,; k = 2, for i = 1, 2. If m > 2, take i, j, 2",,; i <j",,; m, 
and a point t in Jl'j(p, q) - {p, q}. If u is any point in Jl'i(P, q) different from p, q, then 
{p,q, t, u} is a basis. Since {p, q, t} {p, q, u} are not in <1>1, we have {p, t, u} E <1>1 
or {q, t, u} E <1>1> which means that u E Jl'1(P, t) or u E Jl'1(q, t). But P E Jl'1(P, t) and 
q E Jl'1(q, t). So Jl'i(P, q) ~ Jl'1(P, t) U Jl'1(q, t). Hence lJl'i(P, q)l",,; 4. 
Consider {a, b, d} ft <1>1. Then for any point t outside a v d v b, {a, b, d, t} is a 
basis. So among triples {a, b, t}, {a, d, t}, {b, d, t}, only one is in <1>1, which implies 
either t E Jl'1(a, b) or t E Jl'1(a, b) or t E Jl'1(b, d). So r ~ Jl'1(a, b) U Jl'1(a, d) U 
Jl'1(b, d) U (a v b v d). But la v b v dl ",,; 4, so we have 
3(s -2) +4~v 
or 
(v-l)",,;3(s-1). 
Now suppose that in Jl'1(P, q) there is a triple {x, y, z} ft <1>1. Then s ~ 4. If we take 
a point t ft Jl'1(P, q), then {x, y, z, t} is a bases in which, among {x, y, t}, {x, z, t} and 
{y, z, t}, exactly one is in <1>1. Suppose {x, y, t} E <1>1; then Jl'1(P, q) =1= Jl'1(X, y), so 
1Jl'1(P, q)l",,; 4. If {x, z, t} E <1>1 or {y, z, t} E <1>1 we also have 1Jl'1(P, q)l",,; 4 and so 
S=IJl'1(P, q)I=4. We may assume {x, y}={p, q}. Take a point u such that 
{p, q, u} E <1>1; then Jl'1(P, q) = {p, q, u, z}. In G there is an involution g exchanging P 
and q. So Jl'1(P, q)g = Jl'1(P, q), and since {ug, P, q} E <1>1, g fixes u. Similarly, g fixes z. 
But Jl'1(P, q) = Jl'1(P, u), and using the same argument we know that in G there is an 
element h exchanging P and u and fixing q and z. Thus gh fixes z and acts on {p, q, u} 
cyclically. So both {p, u, z} and {q, u, z} are not in <1>1. Let t ft Jl'1(P, q). In the basis 
{p, q, u, t} the triangles {p, q, t}, {q, u, t}, {p, u, t} are not in <1>1. Consequently, in 
the bases {q, u, z, t} and {p, u, z, t}, either both {q, z, t} and {p, z, t} are in <1>1 or 
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{u, z, t} is in <1>1' By considering the basis {p, q, z, t} we know these are impossible. 
So for every x, y, z in 1rl (p, q), {x, y, z} E <1>1' 
Therefore, all points of r and all planes of the form 1rl (x, y) for some x, y constitute 
a 2-design with A = 1, in which blocks have size s. Suppose that there are b blocks and 
every point appears in r blocks: then we have 
sb(s-1)=v(v-1) 
bs= ro. 
But we have shown that 
3(s - 1) ~ v - 1. 
Thus the only possible values for v and s are v = 7 and s = 3, and the design is 
PG(2, 2). G is PSL(2, 7) and our planes of the form 1rl (p, q) are just the lines in 
PG(2, 2). Because G is not 3-transitive, r is not a truncation of a Boolean lattice. Thus 
in r there is a plane 1r of size 4. It is easy to see that 1r is exactly the complement of 
some line in PG(2, 2). So r is as in Example 5. 0 
LEMMA 2. If r is not the lattice given in Example 5, then either r is the lattice 
associated with PSL(2, 9) given in Example 6, or G is 3-homogeneous on the points 
ofr. 
PROOF. Suppose rand G give a counter-example to Lemma 2. Then G has just two 
orbits <l>v <1>2 on Q{3}, and in a basis {a, b, c, d} there are exactly 2 triangles in <1>1 and 
2 triangles in <1>2' 
Because of 2-transitivity, for any pair of points p and q, there are points Uv U2, tv t2 
such that {p, q, Ui} E <l>v {p, q, tJ E <1>2 and p, q, Uv U2 are not coplanar, and p, q, tv t2 
are not coplanar. Let U3 be a point such that {p, q, U3} E <1>1' Suppose that U3 is not on 
planes p v q V Ul and p v q v U2; then for any i =1= j, i, j E {I, 2, 3}, {p, q, Ui' uJ is a 
basis, in which {p, Ui' Uj}, {q, Ui' Uj} are in <1>2, since {p, q, Ui} and {p, q, uj} are in 
<1>1' However, p and q cannot both be on Ul v U2 V U3' Without loss of generality we 
assume that p ft Ui V U2 V U3' Then {p, Ul>U2, U3} is a basis. But since {p, Ui' uJ E <1>2 
for i =1= j, i, j E {I, 2, 3}, this is impossible. SO U3 is on p v q V Ul or on P v q V U2' The 
same argument implies that if t3 is a point with {p, q, t3} E <1>2, then t3 E P V q V tl or 
t3 E P V q V t2. Therefore for any points p and q there are at most 4 planes through 
them, and the number s of planes through them is independent of p and q. Also s ,,;; 4. 
Now we prove that in r every plane has size ,,;;4, and WI = 8 or 10. 
To do this we first suppose that s ,,;; 3. Take a plane 1r and point p E J'C, q ft 1r. Since 
for every U E 1r, and U =1= p, P v q v U is a plane through p and q, and p and U are the 
only points on both 1r and p v q v u, 11r1,,;; 4. On the other hand, because s ,,;; 3, there 
are i, j E {I, 2} such that p v q V Ui = P V q V tj • Thus all planes through p and q have 
the same size 4. Because s ,,;; 3 and v > 6, we have v = 8. 
Now suppose that s = 4. Then p v q V Ui, P V q V ti, i = 1, 2 are different. Consider 
{p, q, Ul} and {p, q, U2}' Suppose that Xv X2, X3 are three different points in 
p v q v udp, q}. Then for every Xi' i E {I, 2, 3}, {p, q, Ul, x;} is a basis. Since 
{p, q, ui}, {p, q, x;} E <l>v we know that {p, u, x;}, {q, Uv Xi} E <1>2' Note that 
p v Ul V Xl =1= P V Ul V X2, since otherwise Ul E P V Xl V X2 = P V q V U2' But because 
{p, Uv X3} E <1>2, X3 E P V Ul V Xl or X3 E P V Ul V X2, both of which are impossible. So 
in p v q V U2, there are at most 4 points. The same argument shows that every plane in 
r has size 4, and therefore there are at most 2 + 4(4 - 2) = 10 points. However, it is 
easy to see V is even in this case. Thus v = In = 8 or 10. 
So G is a 2-transitive group of degree 8 or 10 and has exactly 2 orbits on Q{3}. There 
On basis-transitive geometric lattices 571 
are just two such groups (see [5]): G ~ PSL(2, 9) acting on the points of the projective 
line over GF(9) where IG: PSL(2, 9)1 = 1 or 2. Because v = to, we know that the size 
of planes in WI is 4. We identify the point set of r with {oo} U GF(9) and denote the 
subfield GF(3) by 0, 1, 2. Take 00, 0, f; then the setwise stabilizer of {oo, 0, I} has 
exactly one orbit {2} of length 1. So {oo, 0, 1, 2} is a plane and all its images are 
planes. Thus r is one of the geometric lattices given in Example 6 and G is transitive 
on bases of r. 
In order to complete the proof of Theorem 4, suppose that G is 3-homogeneous on 
points of r. Then every plane has the same size l. We can also suppose that v> 6. 
Then by Kantor's result [4], G is either 3-transitive or G =AGL(I, 8) or ArL(I, 8) 
and v = 8 or G =ArL(I, 32) and v = 32 or PSL(2, q):!S; G:!S; prL(2, q) and v-
1 = q = 3(mod 4). Also there are d4v(v -1)(v - 2)(v -I) bases. Because G is transitive 
on bases, IGI is a multiple of d4v(v -1)(v - 2)(v -I). 
If G =AGL(I, 8) or ArL(I, 8), then IGI = 56 or 168. So 
d4 . 8 . 7 . 6 . (8 - I) 1168 
i.e. 
8 -/112. 
Since 2/:!S; to, 1 = 4 or 5. But 1 is a factor of IGI, so 1 =1= 5. If 1 = 4, then the stabilizer of 
any plane in G is of order 4 or 12. So r is AG(3, 2). 
ArL(I, 32) has order 32 . 31 ·5: 
d4 . 32 . 31 ·30· (32 -I) 132·31 ·5 
implies 1 ~ 28. This is impossible. 
Let PSL(2, q):!S; G:!S; prL(2, q), where q = pa; then IGI is a factor of q(q + 1)(q -
l)a, so we know that q + 1 -/112a. Since q = 3(mod 4) and 2/:!S; v + 2 = q + 3, the 
only possibilities for (q, I) are (7, 4), (7, 5), (11, 6), (19, 8), (23, 12) and (27, 10). 
Using the well known necessary conditions for 3 - (q + 1, I, 1) design, we obtain (q, 
I) = (7, 4), so that r is AG(3, 2). 
Now suppose that G is 3-transitive. Then the points and planes of r form a 3-design. 
By Kantor [4] there are the following possibilities: r is AG(d, 2) for some d ~ 3 and 
G ~ Zf ~ SL(d, 2) or G ~ z1 ~ A7(d = 4); G ~ PSL(2, qe), e ~ 2-the set of points of 
r can be denoted by {oo} U GF(qe) and the planes are the images of {oo} U GF(q) 
under PGL(2, qe); r is the Steiner system, S(3, 6, 22) and G ~ M22 ; r is an S(3, 3, v) 
and G is any 3-transitive group on v points. 
Suppose that r is AG(d, 2) and G ~ Z~)<J SL(d, 2) or z1 )<JA7. Let p, q, r be three 
different points; then Gp,q,r fixes the additional point in p v q v r and is transitive on all 
points outside it. So G is transitive on bases of r. 
Suppose that G ~ PSL(2, qe) and planes are all images of {oo} U GF(q). Then 
IGII qe(qe + 1)(qe -1)ce if q = pC. Also, there are d4qe(qe + 1)(qe -1)(qe - q) bases. 
So if G is transitive on bases, we have qe - q I 24ce. Since q ~ 3 and e ~ 2, there are 
only three possibilities for (q, e), (3, 2), (4, 2) and (3, 3). We have seen in Example 6 
that if G ~ PSL(2, 9) or prL(2, 16), then G is transitive on the bases of the geometric 
lattice associated with it. But we claim that if (q, e) = (3, 3), G is not transitive on the 
bases. 
Let (q, e) = (3, 3), then the number of bases is d4. 28·27·26·24 and IGI = 
28 . 27 . 26 . 3i, i = 0 or 1. So if G is transitive on bases then the stabilizer in G of any 
basis is of order 1 or 3. On the other hand, G{oo,O}, the stabilizer of {oo, o} in G, has a 
subgroup H which is a dihedral group of order 52 and acts on the set of 13 planes 
containing 00 and O. The involution in the center of H keeps every such plane fixed and 
every involution outside the center exchanges 00 and 0 and fixes just one of such planes. 
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So there are two points p and q and an involution g E H, such that (00, 0, p, q)g = 
(0,00, q, p) and 00,0, p, q are not coplanar. Thus {co, 0, p, q} is a basis which is fixed 
by an involution. So G is intransitive on the bases of r. 
Suppose that G ~ M22 and p, q, r are three different points: then Gp,q,r is transitive 
on the points outside p v q v r. Because of 3-transitivity on points, G is transitive on 
the bases of r. 
Since any S(3, 3, v) and the geometric lattice in Example 4 are indeed truncations of 
Boolean lattices, this completes the proof of Theorem 4. D 
5. INTRANsmVITY ON POINTS 
In this section we will drop the assumption that the automorphism group of r is 
transitive on the points. 
We say that a geometric lattice is of dimension ° if it has only one point and of 
dimension - 1 if it is empty. 
Let r l , r2 , ... , rs be different geometric lattices of dimension nl' n2,'·" ns, 
respectively. Suppose that Q; is the set of points of r; for i = 1, 2, ... , s. Set 
Q = Q l U Q 2 U ... U Q s ' We say that a subset L1 of Q is a sublattice of dimension 
m 1 + m2 + ... + ms + s - 1 of r if 
~ = ~l U ~2 U ... U ~s 
where every ~; is a sublattice of r; of dimension mi' Then we obtain a geometric 
lattice, the dimension of which is nl + n2 + ... + ns + s - 1. We call r the union of the 
lattices r l , r2 , •.. rs' If we take a basis B; in every r;, then their set union is a basis of 
r. It is easy to check that, if the automorphism group G; of r i is basis-transitive for 
every i, then G = Gl X G2 X ..• x Gs is a group of automorphisms of r which is 
basis-transitive but not transitive on Q if s > 1. Conversely, we have the following 
theorem. 
THEOREM 5. Let r be a geometric lattice of dimension n > ° and let G be a group of 
automorphisms of r. If G is transitive on unordered bases of r, then r is the union of 
sublattices rv r2 , ••• , r., where every r; has a basis-transitive and point-transitive 
automorphism group. 
PROOF. Suppose that the orbits of G on Q are Ql, Q2,"" Q s ' Because some 
point of Qi is contained in some basis, any basis contains a point of Qi' Suppose that 
B = {Xl,l, Xl,2,'··' Xl ,n,+V X2,1,"" X2,n2+ 1 ' •• , xs,v"" Xs ,n,+l} is a baSIS of r, 
where Xi,l, .•. , x;,ni+ 1 are from Qi' Then, in any basis, there are just ni + 1 points from 
Q;. Fix the basis B, and consider Xi,V ••. ,xi,ni+!' They generate a sublattice r i of 
dimension ni' If, in the sublattice r;, there is a point y outside Qi' then replacing some 
X;j by y, in B, we obtain another basis of r in which there are only ni points belonging 
to Qi' This is impossible, so r; ~ Q;. If there is a point x such that x E Q i but x ft r;, 
then Xi,V .•• ,xi,ni+V X can be extended to a basis of r in which there are more than 
n; + 1 points in Qi' This is also impossible. So r; = Qi' It is easy to see that r is the 
union of r l , r 2 , ••• , rs' Every automorphism ({J in G induces an automorphism ({Ji of r;. 
Let x;'v . .• , xL ni+ 1 form a basis of rio Replacing X;,l, ... ,Xi,ni+ l by x;, v •.. ,x;,ni+ 1 in, 
B we obtain another basis B'. So there is an automorphism ({J in G transforming B to 
B'. Therefore ({J induces an identity automorphism in rj (when j '* i) and induces an 
automorphism ({Ji of r i transforming {x;,v ... , Xi,ni+ l } to {xL .. ... , xLni+ I}' So every r; 
has a basis-transitive and point-transitive group of automorphisms. 
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